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Abstract

Time is one of the most valuable assets in industry, and cost is another highly regarded factor. Optimal utilization of these re-
sources can increase efficiency and profit. The parallel machine scheduling problem is a fundamental issue in industry and ser-
vices. This research proposes a two-objective mathematical model for parallel machine scheduling. The first objective function is
defined as the makespan, which is the completion time of the last job. The second objective function is defined as the maximum
cost incurred by any single machine, which is a function of the sum of the processing costs of each operation and the fixed cost
of purchasing and maintaining the machines. Each job consists of multiple operations, and all operations must be completed to
finish the job. Additionally, it is assumed that jobs have priorities, and precedence constraints between operations must be satis-
fied. Due to the model's non-linearity and the problem's complexity, a metaheuristic algorithm based on the particle swarm
optimization (PSO) approach is developed to solve the proposed model by aggregating the objective functions. The proposed
method is simulated in MATLAB on three sample instances in small, medium, and large scales. The computational results
demonstrate the robustness and efficiency of the proposed method.
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1. Introduction

In today's industrial world, the dwindling availability of production resources such as machinery and equipment,
coupled with escalating energy costs and increasing machine downtime, has significantly elevated the value of
optimizing resource and time utilization within production systems (Hao et al., 2014). One particular area of inter-
est among industrial researchers and practitioners is the concept of scheduling. Scheduling, which follows the
determination of task sequences, defines the start and end times for each task in a workshop. These times are
contingent upon the task's arrival time, machine availability, and the completion of preceding tasks. The schedul-
ing process must be designed to fulfill the objectives defined by production management. Implementing an effec-
tive and efficient scheduling plan to determine the production sequence is fundamentally linked to enhancing the
productivity of production systems (Aggoune, 2004). In sequencing, scheduling, and operations, scheduling refers
to allocating and determining start and end times for operations on available machines within a production system.
The static scheduling problem of tasks on heterogeneous parallel machines holds significant importance due to the
need for optimal machine utilization and reduced processing time. This problem is categorized as NP-hard (Ag-
goune, 2004). In this problem, a set of parallel machines with varying processing speeds (and costs) are available,
and some tasks are to be processed by these machines in a workshop. Each task is divided into multiple processes.
Processes may have priorities for execution. Some or all processes may be interdependent, and all processes can
be executed in parallel on different machines. Tasks are arranged in a waiting queue. Scheduling is performed for
a specific planning horizon, and no new tasks enter the system until the end of the period. In this system, there are
a limited number of heterogeneous machines. Each machine has a different processing speed and operational cost
compared to the others. Due to the diversity of machines, parallel processing, many tasks, and the inherent com-
plexity of the problem, obtaining an optimal solution requires significant computational time (Naseri et al., 2013).
Therefore, metaheuristic methods are used to solve this problem. This research investigates the parallel machine
scheduling problem with the dual objectives of minimizing the total completion time (makespan) and the total
processing cost under the following assumptions. A mathematical programming model is presented for scheduling
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tasks on heterogeneous parallel machines, and a particle swarm optimization algorithm is proposed to solve the
model. The model's assumptions are listed below.

* The production machines are heterogeneous: They differ in their capabilities or characteristics.

* The system is static: The system's conditions or parameters do not change over time.

* There is no priority among jobs: All jobs are equally important, and there is no preference for one job over an-
other.

* The scheduling method is non-preemptive: Once a job starts, it cannot be interrupted until it is completed.

* The processing time and cost of each job on each machine are known and deterministic: The time taken and the
cost incurred for each job on a specific machine are fixed and can be determined beforehand.

* Dependencies between processes are considered: The order in which jobs are executed is constrained by specific
dependencies or prerequisites.

* Priorities among processes are considered: Some jobs are more important than others and should be scheduled
accordingly.

* Setup time for each process on each machine is considered: The time required to prepare a machine for a specific
job is factored into the scheduling process.

This research investigates the parallel machine scheduling problem with the dual objectives of minimizing the total
completion time (makespan) and the total processing cost under the considered assumptions.

The rest of the paper is organized as follows: The second section deals with the literature review on the subject and
previous work. The third section discusses the proposed mathematical model, the research methodology, and data
analysis. The fourth section examines the findings and simulation results. The conclusions are discussed in the fifth
section.

2. Literature Review and Previous Work

This section defines and introduces the subject literature's concepts, methods, and standard definitions and termi-
nology. Subsequently, previous studies are reviewed.

2.1 Sequencing and Scheduling

Sequencing and scheduling is a decision-making process pivotal in enhancing productivity within manufacturing
and service industries. In today's competitive environment, optimizing the sequence of operations and scheduling
activities has become a fundamental requirement for organizational survival. In essence, there are no orders with-
out due dates. Sequencing refers to determining the order in which operations are processed, while scheduling
involves assigning start and end times for operations on resources (Aggoune, 2004). Scheduling is contingent upon
sequencing; the order of operations must be established before assigning specific times. In other words, scheduling
is a decision-making activity to optimize one or more objectives. Depending on the particular process, there may
be prerequisites, earliest start times, and due dates to consider. The objectives of sequencing problems can vary
widely (Pinedo,2008).

2.2 Parallel Machine Scheduling

In the simplest case, a single machine executes tasks sequentially, following a predefined objective function. How-
ever, when multiple machines are available, they can process tasks concurrently, thus reducing the overall com-
pletion time. Parallel machine systems can be classified into two categories. In homogeneous systems, all machines
have identical processing capabilities and costs; examples include security screening, banking operations, and
passport control. In heterogeneous systems, machine processing speeds vary based on their type or model, inde-
pendent of the task being processed (Pinedo. 2008).

2.3 Particle Swarm Optimization Approach

The particle swarm optimization (PSO) algorithm was introduced by Kennedy and Eberhart in 1995 as a novel
optimization technique. Their primary research objective was to simulate the social behavior of bird and fish flocks
(Kennedy & Eberhart, 1995). PSO is a global optimization method that can be applied to problems where the solu-
tion is a point or surface in an n-dimensional space. In such a space, initial assumptions are made, and the particles'
initial velocity is assigned. Additionally, communication channels between the particles are considered. These par-
ticles then move in the solution space, and the resulting outcomes are evaluated based on a fitness criterion after
each time step. Over time, the particles accelerate towards those with higher fitness values within the same com-
munication group. The main advantage of this method over other optimization strategies is that the large number
of swarming particles makes the technique more resilient to the problem of local optima (Kennedy & Eberhart,
1995).
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2.4 Previous Work

During the 1970s to the mid-1980s, the complexity of scheduling problems gained significant attention. Subsequent
research revealed that many instances solved in the 1950s were classified as NP-hard when generalized. Tavakkoli
Mogaddam et al. (2005) investigated static multiprocessor systems, considering maintenance costs early and tardy
completion penalties for interdependent tasks while disregarding communication costs and inter-task delays. They
employed a hybrid genetic algorithm and tabu search to obtain optimal solutions. Haouari et al. (2006) cataloged
a collection of 320 NP-hard scheduling problems. Due to the limitations of exact methods, approximation algo-
rithms became the preferred approach. Systematic research on the job shop scheduling problem was first con-
ducted by Johnson (1954), widely considered a pioneer in scheduling theory, and provided an optimal algorithm
for a two-machine problem. Joulaei et al. (2006) focused on minimizing tardiness costs associated with task com-
pletion times without considering early completion penalties. They introduced a condition based on the task's start
time, considering maintenance costs and priorities. Parsa et al. (2007), working with static homogeneous systems,
introduced the shortest execution path parameter to minimize communication costs in scheduling. They also em-
ployed a genetic algorithm to find optimal solutions. Abdyazdan et al. (2007) employed a genetic algorithm with
a population-based search to minimize the overall execution time in a homogeneous system where tasks have
priorities and dependencies, and each task is executed on a dedicated machine. Javani et al. (2010) studied response
time minimization in static homogeneous systems with task priorities. They used a hybrid genetic and memetic
algorithm to solve this problem. Pezzella et al. (2008) employed a hybrid genetic algorithm to address the job shop
scheduling problem. This approach was tested on 43 standard benchmarks and compared with 12 other methods.
Computational results demonstrated the superior performance of the proposed algorithm. Naderi et al. (2009)
minimized the maximum production time using simulated annealing and genetic algorithms. Arianjad et al. (2010)
explored task scheduling based on task precedence and priorities and calculated holding, earliness, and tardiness
costs in static heterogeneous systems. They considered the critical path in task execution to find the optimal solu-
tion for minimizing costs. Gholipour Kanani et al. (2011) proposed a model incorporating a new parameter and
solved it using a genetic algorithm. They considered system exclusivity and machine heterogeneity in the sched-
uling problem. Garshasbi (2012) employed a genetic algorithm to minimize the total execution time in heterogene-
ous multiprocessor systems, considering task priorities and system exclusivity. Rahmati and Zandiyeh (2012) pro-
posed a multi-objective algorithm to minimize total energy cost to solve the job shop scheduling problem. Wang
and Uzsoy (2012) employed a genetic algorithm to minimize the maximum tardiness in production scheduling
models. They aimed to propose a method that could reduce the solution time by decreasing the length of produc-
tion scheduling sequences. Naseri et al. (2013) investigated the scheduling problem in static heterogeneous systems
without considering task dependencies, task priorities, communication costs, time-dependent tardiness costs, and
machine unavailability. Namazi and Golmakani (2013) addressed the problem of power consumption optimiza-
tion. They investigated the scheduling problem in dynamic heterogeneous systems, disregarding task priorities
and dependencies. They analyzed the execution cost of each task with machine access at any given time, assuming
100% efficiency. Mattfeld and Bierwirth (2014) proposed a genetic algorithm for job shop scheduling to minimize
total tardiness. Ak and Koc (2015) stated that classical methods cannot be used to solve parallel machine scheduling
and flexible job shop scheduling problems, and they employed genetic algorithms to solve these combinatorial
problems. Mousavi et al. (2018) introduced a bi-objective model that considers machine setup times, learning, and
training times to optimize makespan and tardiness. Mousavipoor et al. (2019) developed an integer linear pro-
gramming model to solve the job shop scheduling problem, incorporating the effects of learning and flexible
maintenance, and solved it using the GAMS software. Ayough and Khorshidvand (2019) proposed a new model
for solving the cell formation problem. They developed an algorithm based on Simulated Annealing(SA) and Par-
ticle Swarm Optimization(PSO) to solve the proposed model. Roohnavazfar et al. (2021) focused on the stochastic
single-machine scheduling problem and compared the results with a deterministic approximation approach. Rez-
van et al. (2021) proposed a heuristic algorithm for job scheduling on parallel machines considering the sequence
of operations. Statsny et al. (2021) used a graph-based method to solve the job shop scheduling problem. In their
comprehensive review paper, Geurtsen et al. (2023) studied 250 articles on maintenance and resource scheduling
and classified the single and parallel scheduling problems. Liu et al. (2023) developed a deep-learning technique
for parallel machine scheduling in a dynamic environment. In their research, Ayough and Khorshidvand (2023)
considered the assignment problem of the heterogeneous workforce to a U-shaped assembly line with uncertain
processing time. They proposed a nonlinear programming model for solving the problem. Ying et al. (2024) used
the Main Path Analysis (MPA) method to review the scheduling of semiconductor production operations. Ayough
et al. (2024) proposed a nonlinear mixed integer programming model for a critical chain project scheduling prob-
lem and developed a genetic algorithm for solving the proposed model.
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3. The Proposed Method
The proposed mathematical model is described in detail in the following section.
3.1 The Model Assumptions

The problem considered in this research is a specific instance of the flow shop scheduling problem. It has been
customized with unique conditions to enhance its efficiency and realism compared to the general case. The model's
assumptions are as follows:

¢ Job Decomposition: Each Job is composed of multiple activities(tasks). All constituent activities must be pro-
cessed for a job to be completed. The number of tasks in each job varies.

e Single-Task Processing: A single machine can only process one activity at any given time.

e Activity Precedence: There exist precedence relationships between the activities within a job. An activity cannot
commence until its prerequisite activities have been fully completed. There are no precedence relationships
between jobs.

¢ Fixed Machine Capacity: The number of machines available to execute tasks is fixed. Each machine can process
only one activity at a time.

¢ Non-Preemptive and Non-Delegable Processing: Machines cannot interrupt and resume an executing activity
later. Once a machine has undertaken the processing of an activity, it cannot delegate this task to another ma-
chine.

e Once a machine completes the execution time of an activity from a job and is ready to execute another activity
from the same job, the machine must undergo a corresponding setup time before implementing the new activ-
ity. The setup time for each machine's first activity is zero. Additionally, no setup time is considered for activ-
ities of two different jobs.

¢ Jobs and machines have types. Machines can only be responsible for processing the activities of a job if they are
of the same type. Two types of machines and jobs are considered. A separate type is not defined for tasks.

e The activities of a job have priorities. Activities with higher priorities must be processed sooner. Moreover, the
priority between activities for two different jobs is not defined.

¢ Each machine must incur a cost (such as depreciation) for performing the activities of a job. Costs are fixed and
predefined. No fee is considered for setup times.

e While a machine performs the last job process, other machines previously involved in different processes of
the same job can start a new job. Machines cannot perform multiple tasks simultaneously.

3.2 Indices, Sets, Parameters, and Decision Variables

I: The set of all machines used, where i is the index of a machine and m is the total number of machines.

J: The set of all jobs considered, where j is the index of a job and n is the total number of jobs.

Pj:  The set of processes(tasks) of job j, where 1 is the index of a process, and nj is the total number of processes for
jobj.

lji:  Represents the Ith process of job j. Furthermore, Klj denotes the type of process I, with values 1 and 4 assigned
to the different process types. Each process can also include two values.
Dlji: Represents the execution time of the Ith process of job j when processed by machine i.

Rlj'ji: Represents the time required to prepare machine i for the commencement of process I' of job j, following the
process I's completion.

Ci: The total cost incurred on machine i, and Clji is the cost incurred on machine i by process 1.
CostM: A fixed cost considered for the purchase and maintenance of each machine.

Ki: Indicates the type of machine. Values of one and four are considered for different machine types, and each
machine can also have two values.

Olj: The priority of process 1 among other processes of job j. The considered values are positive integers.

STIj: The start time for processing the Ith task of job j.

FTJj: The finish time for processing the Ith task of job j.

When constructing a project schedule, it is crucial to identify and define the logical sequence of activities. The
following parameter is additionally considered for prerequisite relationships:
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Uy, = 1, Ifprocess lis a predecessor for process I’
Uy, = 0, otherwise

Considering the objective functions and constraints defined for the proposed model, the decision variables are as
follows:

Xlji: Binary decision variables. It is one if the machine i performs the Ith process of the jth job; otherwise, it is zero.

Xljlji: Binary decision variables. It is one if process 1 is processed by machine i before process 1'; otherwise, it is
zero.
STIj: A real positive number that represents the start time of the lth process within job j.

Min f, = max (; viel 1
n

Ci:Z Z xl].l-*Cl].l- + CostM Vl]€ P] ,lEI (2)
j=1vijep;

3.3 The objective functions

In the proposed model, two objective functions are defined. The first objective function is to minimize the maxi-
mum completion time of jobs, where the completion time of a job is defined as the maximum completion time of
its constituent activities.

n
Min f; = ZFTJ- ®)
j=1
FT; = max Fle Ve P )
FTl]. = xl].i * (STl]‘ + Dlj) \4 l] € P] ,i el (5)

The second objective function is to minimize the maximum cost of executing all machine job activities. To accom-
modate the PSO algorithm, which operates on a single fitness function, the multiple objectives of the proposed
model were aggregated into a unified objective. A direct summation is infeasible considering the disparate units
and scales of the original objectives. The objective functions were linearly normalized and weighted to form a
composite objective function to tackle this issue, as expressed in Equation 6.

f=wifi +wyfy (6)

Where w1 and w2 are the weighting coefficients for each objective function, respectively, since both objective func-
tions are to be minimized, the final objective function (f) will also be a minimization problem.

3.4 The Proposed Mathematical Model
The complete mathematical model is presented below.
Min f

s.t.

ixlj =1 V1 (7
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Constraint (4) minimizes the makespan, defined as the time required to complete all jobs. The makespan is deter-
mined by the job with the longest completion time. Equation (5) seeks to minimize the maximum cost of any ma-
chine. The load on a machine is calculated as the sum of the processing costs of all jobs assigned to it plus a fixed
setup cost. Constraint (7) shows that machines must perform each job process. By jointly considering constraints
(8) and (9), it can be demonstrated that a machine cannot perform more than one process at any given time. Con-
straint (9) claims that the machine must go through the preparation time to start a process. Constraint (10) shows
that if two processes are priorities, they can ignore this constraint. Still, if the priority relationship for the two
processes is not the same, the process's start time with the higher priority must be earlier than the other process.
Constraint (11) shows that if a process has a prerequisite, its post-requirement process cannot be started until the
prerequisite process is completed. Constraint (12) also emphasizes that there must be a type match between the
job and the machine. Constraints (13) and (14) define the model's decision variables. Due to the complexity and
nonlinear nature of the proposed model, deterministic methods are impractical for large-scale instances. Conse-
quently, a Particle Swarm Optimization metaheuristic has been devised to tackle this challenge.

3.5 The Proposed PSO Approach

To solve the proposed model using the Particle Swarm Optimization algorithm, it is necessary to map the operators
and concepts of this method to the variables and constraints of the mathematical model. Each particle in this prob-
lem represents a solution to the problem, and its fitness is calculated using Equation (3). In the proposed model,
each particle is formed by initially creating a micro-particle for each job and machine. These sub-particles are con-
structed using a permutation of length equal to the number of jobs plus the number of machines minus one. Genes
with values greater than the number of jobs act as separators between jobs. These separators indicate the assign-
ment of jobs to machines. Figure (1) demonstrates how the nine tasks of a single job are assigned to five machines.

Machine 1 Machine 2 Machine 3 Machine 4 Machine 5

1 3 7 11 4 8 2 13 9 5 10 12 6

Figure 1. The structure of a proposed micro-article for a sample job

As illustrated in Figure 1, red fields function as machine delimiters, clearly delineating the processes(tasks) asso-
ciated with each machine. Upon creating micro-particles, they are concatenated to construct the primary particle.
When two micro-particles are linked, a gene is introduced as an intermediary. The value attributed to these genes
is a positive integer exceeding G, as determined by equation (15). These numerical values serve as task delimiters
and do not influence the problem's solution. Figures (2) and (3) demonstrate this issue.
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G =m+ Max (|Pj|, Vj) (15)
1 ‘ 3 ‘ 10 ‘ 7 ‘ 14 ‘ 8 ‘ 11 ‘ 2 ‘ 6 ‘ 12 ‘ 9 ‘ 13 ‘ 5 ‘ J1 micro-particle
1 ‘ 2 ‘ 8 ‘ 7 ‘ 3 ‘ 6 ‘ 9 ‘ 5 ‘ 4 ‘ J2 micro-particle
1 ‘ 2 ‘ 7 ‘ 6 ‘ 3 ‘ 5 ‘ 4 ‘ Js micro-particle
1 I 8 ‘ 11 ‘ 2 I 3 ‘ 7 I 9 I 5 ‘ 10 I 4 I 6 ‘ Ja micro-particle
10 I 2 ‘ 1 ‘ 8 I 3 ‘ 9 I 5 I 4 ‘ 6 I 7 I Js micro-particle

Figure 2. Constructed micro-particles for five jobs

| | 1 | EXENED | v |

Figure 3. Concatenating the micro-particles to form the primary particle

3.6 Evaluating the Fitness Function

The objective function is the most crucial component of an optimization algorithm. When solving constrained op-
timization problems using metaheuristic algorithms, two primary approaches are considered:

1. Defining problem particles in a way that naturally satisfies the constraints. It is essential to note that this defini-
tion should not restrict the search space, as this would hinder the algorithm's performance.

2. Defining a penalty function for constraint violations. If a solution falls outside the feasible region, a penalty is
imposed proportional to the constraint violation. In minimization problems, this penalty is added to the objective
function. The penalty value must be carefully calibrated. If it is too low, the algorithm may find solutions that
optimize the objective function but violate constraints, which is undesirable. Conversely, if the penalty is too high,
the algorithm may become overly focused on a specific region, leading to local optima. In this research, the second
method was employed to evaluate the objective function, wherein the penalty function value is added to the ob-
jective function value according to Equation (16). The parameter a represents the influence of the penalty on the
objective function value and is often tuned through trial and error; in this study, its value is set to 5.

frnew = foia + @ * violation a>0 (16)
4. The Computational Results

The proposed model was tested with three scenarios involving varying numbers of machines and tasks. Their
constituent processes and hierarchical dependencies characterized tasks. The model was evaluated under condi-
tions of resource constraints and task complexity.

4.1 The Simulation Scenarios

In the first example, the maximum number of machines available to perform tasks is limited to five. This implies a
machine might be idle and not assigned to any task. While this scenario is infrequent due to the potential for
increased costs and time, it could be considered if the procurement and maintenance costs of the machine are
prohibitively high and the algorithm determines that reducing the number of machines would enhance the objec-
tive function. A random processing time is generated uniformly within [10 .. 60] time units to execute each task on
a machine and stored in matrix P. For instance, matrix P would be a 9x5 matrix in the first job comprising nine
processes. The element at position (3,2) in this matrix represents the processing time of the second process on the
third machine. The same structure is also considered for the costs incurred by the user in the job process. Another
feature considered for each job, according to the model, is the idle time between processes. The structure for storing
these times is a square matrix whose size is equal to the number of processes, repeated as many times as the number
of machines, such that the entry (2,3,4) represents the idle time between processes two and three on machine four.
Among other features considered for each job is the priority number of each task. Identical priorities will have the
same number. Tasks with higher priority will be assigned a larger number. The last feature considered for jobs is
the job type. For this purpose, two job types are assumed in the proposed model, and two different types are
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considered for the machines. This classification for jobs and machines ensures that machines perform jobs they are
capable of, and the type of job they cannot perform is not included in the execution cycle.

4.2 The Simulation Parameters

The proposed model was implemented in MATLAB on a Windows 10 operating system, utilizing a computer with
a Core i3 2100 MHz processor and 8 GB of RAM. Values for other parameters are provided in Table 1 that were
selected based on observations of the Pareto front. If the Pareto region exhibits changes in the final iterations, the
number of iterations increases; otherwise, the selected number is considered appropriate or reducible. Considering
the aforementioned points and through multiple algorithm executions, this iteration count was determined via
trial and error. The population size was adjusted using a similar approach. By recording the start, end, and execu-
tion times of processes, it is possible to select an arbitrary member from the Pareto region in each iteration and plot
its corresponding Gantt chart.

Table 1. The proposed PSO parameters

Value
Parameter
Example 1 Example 2 Example 3

No. of Initial Particles 50 75 150
No. of Iterations 200 250 300
Inercia (w) 0.85 0.90 0.97

C1 2 2 2

C2 2 2 2
Minimum Velocity 0.5 0.6 0.8
Maximum Velocity -0.5 -0.6 -0.8

4.3 The Simulation Results

Figure 4 presents a Gantt chart illustrating the task execution of the first example. Rectangular bars denote indi-
vidual tasks in the Gantt chart associated with an arbitrary Pareto-optimal solution. Tasks allocated to the same
row are assigned to a single machine for execution. The first example utilizes five machines, as evident from the
number of rows in the Gantt chart. Vertical lines demarcate the completion times of tasks. Expressly, the initial
vertical line at time 222 signifies completing the first process within the first job. Figure 5 presents the Gantt chart
illustrating the cost implications of this scenario.

Come JOBI= 222 Cjoba= 257 | ConnCIRRIORES 4G G, joba=

T
I . I - . -
. - .
- - ]H
L L L

0 100 200 300 400 500 600

Figure 4. Temporal representation of tasks using a Gantt chart in Example 1
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6] 50 100 150 200 250 30
Figure 5. Gantt chart illustrating the cost breakdown of activities in Example 1

When visualized in terms of cost, the Gantt chart illustrates allocating tasks to different machines. For instance, the
rectangles in the third row represent tasks processed by the third machine. Tasks 1 and 3 are assigned to this
machine. There can be several reasons for a machine to be idle: (1) a mismatch between the task type and the
machine's capabilities (e.g., a type A task assigned to a type B machine), (2) a prohibitively high cost of processing
the task on that particular machine, or (3) incomplete optimization in the early stages of the algorithm. If processing
time, setup cost, and task-machine compatibility constraints are relaxed, the optimal solution would trivially in-
volve assigning all tasks to all machines. During the initial stages of optimization, the algorithm may produce
infeasible solutions. A penalty function is introduced to guide the search towards feasible regions. To address the
multi-objective nature of the problem, a weighted sum approach is employed, transforming it into a single-objec-
tive equivalent. The goal is to identify the Pareto front, representing a set of non-dominated solutions that approx-
imate the optimal trade-offs among the objectives. At each iteration of the algorithm, a Pareto front is constructed
based on the current population. No other solution dominates the members of this front. Due to the concept of
dominance, additional regions not represented in the visualization may exist. If the population of the Pareto front
is smaller than the overall population at a given iteration, then individuals for the subsequent generation are se-
lected from these other regions. The selection mechanism for these additional individuals mirrors that of the Pareto
front. This phenomenon is common in the early stages of the algorithm as the solution space is still being explored.
Figure 6 illustrates the Pareto front of the first example before the objective functions are aggregated. Considering
the problem's constraints, two types of Pareto fronts exist. In the first case, the population members in this region
include any solution. Solutions in this region may not satisfy the type-matching constraints. This situation is de-
picted in Figure 7(a). The resulting Pareto region fulfills all model conditions by eliminating these solutions, as
shown in Figure 7 (b).

550

500 e

450 *

400

2nd Objective

350

300

250
450 500 550 600

1st Objective

Figure 6. The Pareto frontier generated by the algorithm in the early stages of Example 1
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Figure 7. (a) The final Pareto frontier includes feasible and infeasible solutions, (b) eliminating dominated solutions and reconstructing the Pareto fron-
tier.

Given the sole objective of minimizing either task execution time or machine costs, the optimal solution is chosen
accordingly. In the case of time minimization, the solution with the shortest overall execution time is selected. The
solution incurring the lowest total machine cost is chosen for cost minimization. Employing this approach, two
Pareto-optimal solutions corresponding to minimal time and cost are identified and retained in each iteration.
Based on these stored solutions, two graphs are constructed. The horizontal axis of these graphs represents the
iteration number, while the vertical axis signifies either the average machine cost or the maximum task completion
time. These graphical representations are depicted in Figure 8 (a) and (b), respectively.

Best time plot Best Cost plot
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(a) (b)

Figure 8. (a) emporal convergence diagram of tasks optimized within the Pareto frontier. (b) Cost convergence diagram associated with the Pareto-
efficient frontier

According to the figures above, it can be inferred that the algorithm has attempted to minimize the objective func-
tion values. Stabilizing the best execution time and the lowest average cost in the final iterations indicates that the
chosen value for the number of population iterations was appropriate. The figures mentioned above result from
selecting two specific members from the Pareto front region at each stage. In most cases, these two particular points
are not adopted as the solution, as one solution excessively minimizes the time value. At the same time, the other
prioritizes reducing the average machine costs. Considering the weights the management assigns to the im-
portance of objective function values for the project, a point from the solution space is selected. Assuming equal
significance for the objective functions (wl= w2= 0.5), the convergence diagram of the objective function f for Ex-
ample 1 is obtained, as shown in Figure 9.
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Figure 9. Convergence diagram reaching the final solution in example 3

Due to the stochastic nature of metaheuristic search methods, another crucial factor in evaluating the performance
of such algorithms is their stability. This concept means that the solutions obtained from multiple runs of the algo-
rithm should be close to each other and exhibit a low standard deviation. Figure 10 illustrates the stability of the
proposed method in 50 different runs of Example 3. According to this figure, the proposed method found a solution
of 0.315 in 88% of cases. The variance of the obtained solutions is 0.001282, and their standard deviation is 0.035798.
Therefore, it can be concluded that the proposed method exhibits good stability.
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Figure 10. Stability diagram of the proposed method in 50 different runs of Example 3
Table 2. displays the results obtained from solving examples 1, 2, and 3 by implementing the suggested approach.

Table 2. The simulation results of all scenarios

Scenario f1 f2 f Avg. Computation Time (sec.)
Example 1 150 418 0.292 15
Example 2 236 566 0.294 25
Example 3 408 741 0.315 44

5. Conclusions

This research focuses on the job scheduling problem, which involves determining the start time of each job on the
most suitable machine. It is assumed that each job consists of several tasks of different priorities. Additionally,
there are precedence relationships between the processes within a job, which a set of parallel machines must exe-
cute. These machines are heterogeneous, and some may be unable to process specific tasks. This study aims to
optimize two conflicting objectives simultaneously: minimizing the overall completion time of all jobs and mini-
mizing the operational cost of using the machines. Finding an optimal schedule is challenging, given the con-
straints of priority, precedence, and process-machine compatibility. A two-objective mathematical model has been
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developed to address this problem. Considering all the problem constraints, the proposed model provides solu-
tions that minimize both the execution time and the cost of executing the jobs.

Due to the model's non-linearity and the proposed method's computational complexity, a particle swarm optimi-
zation algorithm has been developed and implemented in MATLAB. The algorithm was applied to three bench-
mark instances of different sizes to evaluate the algorithm's performance. The computational results and stability
diagrams demonstrate the efficiency and robustness of the proposed model. The limitations of the proposed model
in capturing the complexities of real-world, industrial paralle]l machine scheduling problems highlight the need
for further research. To bridge this gap, future studies should focus on:

¢ Grounding the problem in industrial case studies
e Employing empirical data to validate theoretical findings
e Comparing and contrasting various solution methodologies to identify the most effective approach

Moreover, the following limitations can be highlighted due to the model's constraints. The proposed model as-
sumes a strict sequential order of tasks, meaning each task must commence after the preceding one is completed.
This assumption might not hold in all industrial contexts. A more generalized model could relax this constraint to
accommodate flexible task sequencing. Additionally, the model simplifies machine setup times by considering
only inter-process setup. Machine setup times often occur between tasks and can be sequence-dependent. A more
comprehensive model would incorporate variable machine setup times, increasing its applicability to various in-
dustrial scenarios. The proposed model assumes a homogeneous process type for all tasks within a job, requiring
machines to have matching process capabilities. This assumption can be relaxed to accommodate heterogeneous
process types within a job, enhancing the model's realism. Additionally, the model does not account for job arrival
times, limiting the range of potential objective functions. Future research can explore more flexible objective func-
tions, such as early and tardy penalty costs, to address these limitations.
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