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Abstract

In this paper, Economic Order Quantity (EOQ) based model for non-instantaneous deteriorating items
with imperfect quality, permissible delay in payments and inflation is proposed. We adopt a time-
dependent demand function. Also, the effects of time value of money are studied using the Discounted
Cash Flow approach. Moreover, we assume that orders may contain a random proportion of defective
items, which follow a known distribution and an inspection process is utilized to describe the defective
proportion of the received lot. The mathematical model have been derived for obtaining the optimal
number of cycle and the optimal inspection time so that the present value of total cost in a finite time
horizon is minimized. An algorithm has been presented to find the optimal solution. Finally, numerical
examples are provided to illustrate the solution procedure.
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1. Introduction

In recent years, inventory problems for deteriorating items have been widely studied. In daily
life, the deteriorating of goods is a frequent and common phenomenon. Fruit, foods, vegetables,
cakes, sweets, and pharmaceuticals are a few examples of such goods. In general, deterioration is
defined as the damage, spoilage, dryness, vaporization, and and loss of utility of the product, that
result in the decrease of usefulness of the commodity. The first attempt to describe the optimal
ordering policies for such items was made by Ghare and Schrader (1963). Deb and Chaudhri
(1986) proposed inventory model with time-dependent deterioration rate. Goyal and Giri (2001)
provided a detailed review of deteriorating inventory literatures. Chang et al. (2003) improved an
EOQ model for deteriorating items under supplier trade credits linked to order quantity. Wu et al.
(2006) proposed an inventory model for non-instantaneous deteriorating items considering stock-
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dependent demand and partial backlogging. Yang et al. (2009) developed an inventory model for
non-instantaneously deteriorating items with price dependent demand and shortages. Nakhai and
Maihami (2011) developed the joint pricing and ordering policies for deteriorating items
considering partial backlogging in which the demand is considered as a function of both price
and time. Uthavakumar and Rameswari (2012) improved economic order quantity model for
deteriorating items with time discounting. Das et al. (2012) considered a production-inventory
model for a deteriorating item with stock-dependent demand under two storage facilities over a
random planning horizon, which is assumed to follow exponential distribution with known
parameter Shah et al. (2013) considered an inventory system with non-instantaneous
deteriorating items in which demand rate is a function of advertisement of an item and selling
price. The objective is maximizing the total profit by determining optimal inventory and
marketing parameters. Mishra and singh (2013) improved an economic order quantity model for
deteriorating items with power demand pattern and shortages partially backlogged. Shilpi et al.
(2014) improved an economic production model for deteriorating items with ramp type demand
rate and Weibull deterioration under inflationary conditions. Sicilia et al. (2014) developed a
deterministic inventory system for items with a constant deterioration rate , time-dependent time
and shortages.

Inflation and time value of money issues will have main effects in financial markets. Inflation
also plays an important role for the optimal order policy and influences the demand of certain
products. As inflation increases, the value of money goes down and erodes the future worth of
saving and forces one for more current spending. As a result, the effect of inflation and time
value of the money cannot be ignored in global economics. Buzacott (1975) first derived an EOQ
model considering the inflationary effect on costs. Then consequently in the subsequent years,
Misra (1979), Padmanavan and Vrat (1990), Hariga and Ben-daya (1996), Chen (1998), Moon
and Lee (2000), Dey et al. (2004) and others worked in this area. Dey et al. (2008) improved the
model for deteriorating items with time-dependent demand rate and interval valued lead-time
under inflationary conditions. Mirzazadeh et al. (2009) consider stochastic inflationary
conditions with variable probability density functions (pdfs) over the time horizon and the
demand rate is dependent on the inflation under a finite replenishment rate, finite time horizon,
deteriorating items and shortages. Yang (2010) considered an integrated inventory model with
crashing cost and inflation with the objective of minimizing present value of the joint expected
total cost. Mirzazadeh (2010) discussed an inventory model with time dependent inflation and
demand rate is assumed to be inflation-proportional. Jaggi et al. (2011) considered a two-
warehouse inventory model for deteriorating items with linear trend in demand and shortages
under inflationary conditions. Roy and Chaudhuri (2011) investigated an EOQ model with ramp
type demand under finite time horizon and inflation. Guria et al. (2013) considered an Inventory
policy for an item with inflation induced purchase cost and selling price. Singh and Sharma
(2013) discussed an integrated model under inflation condition in which production rate is
assumed as a function of demand rate and customer demand rate and time-dependent. Taleizadeh
and Nematollahi (2014) investigated the effects of time value of money and inflation on the
optimal ordering policy in an inventory control system with back-ordering and delayed
payments.

In framing the traditional inventory model, it was assumed that the retailer must be paid for the
items as soon as the items were received. . However, in practice, the supplier may provide the
retailer many incentives such as a cash discount to motivate faster payment and stimulate sales,
or a permissible delay in payments to attract new customers and increase sales. Usually, there is
no charge if the outstanding amount is settled within the permitted fixed settlement period. Goyal
(1985) improved a single-item inventory model considering a permissible delay in payments.
Aggarwal and Jaggi (1995) extended Goyal’s (1985) model to consider the deteriorating items.
Salameh et al. (2003) examined the continuous review inventory model under permissible delays
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in payments. Ouyang et al. (2006) presented the inventory model for non-instantaneous
deteriorating items considering permissible delay in payments. Sana and Chaudhuri (2008)
discussed a production—inventory model with quadratic demand pattern. Liao (2008) investigated
the impact of the trade credit policy on the classical Economic Production Quantity (EPQ) model
for an item subject to exponential decays. Chung and Liao (2009) discussed the optimum order
quantity of the EOQ model with trade credit depending on the quantity ordered that using a
discounted cash-flows (DCF) approach. Geetha and Uthayakumar (2010) proposed economic
order quantity (EOQ) based model for non-instantaneous deteriorating items with permissible
delay in payments and shortages. Sarkar (2012) extended an EOQ model for finite replenishment
rate where demand and deterioration rate are both time-dependent under delay in payments.
Recently Ouyang et al. (2012) studied the EOQ model with defective items and partially
permissible delay in payments linked to order quantity using the AGM inequality to determine the
optimal solution under various situations. Taleizadeh (2013) considered an EOQ problem under
partial delayed payment and shortages that is combination of backorders and lost sales. Chen et
al (2013) extended an economic order quantity model under conditionally permissible delay in.
Bhunia et al. (2014) considered an inventory model for single deteriorating item with two
separate warehouses, shortages and permissible delay in payments.

In the traditional economic order quantity models, the basic assumption is that 100% of
received items are perfect. However, the lot sizes ordered may contain some defective items.
Then the screening process is adopted to identify the imperfect items. It is supposed that a
fraction, say a, of items received from a supplier or manufacturer are imperfect. The parameter a
was either assumed to be of a fixed value or a random variable with probability distribution
function, f(a), where f(a), can be either known, known but dependent on other unknown
parameters, or unknown. There are several studies that consider the effect of imperfect quality on
the inventory policy. Porteus (1986) and Rosenblatt and Lee (1986) Are some of the earliest ones
that considered imperfect quality. Cheng (1991) investigated an EOQ model with demand-
dependent unit production cost and imperfect production processes. Chan et al. (2003) proposed
an economic production quantity (EPQ) model in which the imperfect (not necessarily defective)
items could be sold at a lower price and the defective items could be either reworked or rejected.
Liao (2007) studied imperfect production processes that require maintenance. They considered
two states, namely the in-control and the out-of-control state of the production process. Jabber et
al. (2009) discussed the classical EOQ model considering the concept of entropy cost, perfect and
imperfect quality. Khan et al. (2011) proposed an EPQ model considering random defective rate
and inspection errors with known probability distribution function. Hsu* and Hsu® (2013)
developed an economic order quantity model with imperfect quality items, inspection errors,
shortage backordering, and sales returns. Chung (2013) established the EOQ model considering
defective items and partially permissible delay in payments linked to order quantity. It also uses
the rigorous method of mathematics to derive the optimal solution procedure to locate the
optimal solution. Moussawi-Haidar et al. (2014) considered a modified EOQ-type inventory
model for a deteriorating item with unreliable supply and imperfect quality. As soon as an order
is received, a retailer conducts a screening process to identify imperfect quality items.

In this article, we develop an appropriate inventory model for an economic ordering quantity
(EOQ) model with non-instantaneous deteriorating items taking into account imperfect quality,
permissible delay in payments and inflation. We assume that demand is time-dependent. In the
traditional inventory model, it was assumed that the payment must be made to the manufacturer
for items immediately after receiving the items. In practice, the manufacturer hopes to stimulate
his products and so he will offer the retailer a delay period. During the permissible delay period,
there is no interest charge. Hence, the retailer can earn the interest from sales revenue. Therefore,
in order to incorporate the realistic conditions, the delay in payment should be considered. One
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of the unrealistic assumptions of the EOQ model is that items stocked preserve their physical
characteristics during their stay in inventory. Items in stock are subject to several possible risks,
such as pilferage, breakage, evaporation, and obsolescence. In general, deterioration is defined as
decay, damage, or spoilage. Moreover, in practice, most goods would have a span of maintaining
quality or original condition, so, during this period, the deterioration does not occur. As a result,
in the field of inventory management, it is necessary to incorporate the inventory problems for
non-instantaneous deteriorating items. Moreover, in order to address the realistic situations, the
effect of time value of money should be considered.

In addition, it is assumed that the manufacturer’s production processes are imperfect and may
produce defective items. Once the buyer receives the lot, a 100% screening process is conducted
at a rate p > D. The screening process and demand proceed simultaneously. At the end of
screening process, imperfect quality items are eliminated. Hence, a finite planning horizon
inventory model for non-instantaneous deteriorating items with imperfect quality, permissible
delay in payments and time-dependent demand rate is developed. The major objective is to
determine the optimal screening time and the optimal number of cycle. This is the first work that
has the above assumptions. An appropriate algorithm has been presented to find the optimal
solution. Finally, a numerical examples is provided to illustrate the solution procedure.

The rest of the paper is organized as follows. In section 2, assumptions and notations are
presented. We adopted the mathematical model in section 3. Next, section 4 presented an
algorithm to find the optimal inventory variables. In section 5, the numerical examples are
provided. Finally, discussion of the results as well as directions for future study is presented in
section 6.

2. Notation and assumptions
The following notation and assumptions are used throughout the paper:

2.1.Notation
0 deteriorating rate of the items 0 < 6 < 1
D demand rate
a,b>0 Constant parameters of demand
;- (t) inventory level i attime t, i = 1,2,3
I, interest earned per dollar per unit time
L, interest charged per dollar per unit time
D1 selling price per unit, where p > ¢,
ts replenishment time
t1 inspection time
tq length of time in which the product exhibits no deterioration
M trade credit period
q order quantity
o) purchasing cost per unit
S unit inspection cost
U inspection rate of item, (1 — ay)u > D(t;)
h, inventory holding cost per unit
A ordering cost
n number of deliveries from the manufacturer
a defective proportion, 0 < ¢ < 1
r constant representing the difference between the discount (cost of capital) and
the inflation rate
H length of planning horizon
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T duration of inventory cycle
N number of cycles during the time horizon H
ETC Expected value of total cost of the retailer

2.2.Assumptions

1. The supplier or manufacturer proposes a certain credit period M. During the time the
account is not settled, the retailer deposits his/her generated sales revenue in an interest-
bearing account with rate I,. At the end of the trade credit period, the account is settled and
the retailer starts paying for the interest charges on the items in stock with rate I,.

2. przcyly 21,00y 2pl,.

3. It is assumed that deterioration rate is non-instantaneous for the retailer and instantaneous
for the manufacturer.

4. Demand rate is time dependent and linear, .e., D(t) =a + bt; a,b > 0.

5. Shortages are not allowed.

6. The defective items exist and the percentage defective (o) is a random variable having
uniform pdf as f (&) with expected value E (@) = [ f (@) da.

7. The defective items treated as a single batch at the end of the inspection of retailer’s 100%

screening process and eliminated from inventory.

The screening and demand proceeds simultaneously.

. The planning horizon is finite.

10. A constant deterioration rate is a fraction of the on-hand inventory. It deteriorates per unit
time and there is no repair or replenishment of the deteriorated inventory during a
replenishment cycle.

11. The retailer received the items in n equal size shipments from the manufacturer or supplier
in each cycle.

\o o0

The planning horizon divided to N equal cycle of T (T = %) and T devided to n equal

replenishment time of t, (tz = g)

3. The model formulation

Here, an inventory model for deteriorating items with imperfect quality and permissible delay in
payments under inflationary conditions is formulated. . Each received lot is having a percent
defective items with a known probability density function, f (a). As soon as the retailer receives the
order quantity, the 100% inspection process is done in which there is no inspection errors.
During the screening process the demand occurs parallel to the screening process and is satisfied
from the items which are found to be of perfect quality by the screening process. The defective items
of aq are eliminated after the screening process at time t; as a single batch.
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Figure 1: Behavior of the inventory level for the retailer.

Here, we considered an EOQ model for non-instantaneous deteriorating items, which will be
described as follows. During the time interval [0, ty], the inventory level decreases due to
demand only. At time tg, deterioration starts, and thus, during the interval [tq, t;], the inventory
level decreases due to the demand and deterioration. Subsequently the inventory level drops to
zero due to both demand and deterioration during the time interval [ty,t,]. The graphical
representation of the model is shown in Figure 1.

Let I;,-(t) be the inventory level at time t, (0 < t < t;). The differential equation that describes
the instantaneous states of I;,-(t) over the period [0, t;] is given by

Ll = —p = —(a+bt) O<t <ty). (1)

With the condition I;,-(0) = g, solving Equation (1) yields:

Ly () = —5btd —aty +q 0 <t<ty). )

In the time interval [t,, t;], the system is affected by the combination of the deterioration and
demand. Hence, the change of the inventory level at time t, I,,.(t), is given by

220  1,,(t) = =D = —(a + bt) (ta<t <t). 3)

With the condition I,,.(ty) = I;,-(t;) solving Equation (3) yields

— 1, .2 a b bt
b bt € et(gbtd+atd—q—§+_—_d)

2 9
02 0 e—9taq £ (td St< tl)' (4)

The differential equation below represents the inventory status in the time interval [¢;, t,]

d I3+(D)
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With the condition I5,.(t;) = I,,-(t;) — aq, solving Equation (5) yields

I () = % m((((—btﬁ — 2aty +2q)0? + (2bty + 2a)0 — 2b) e % —2((a+bt)8 —

b)e‘etd) e 0t — 2e 9t qgh2e0ta) (ts St < ty). (6)

Att =t,, I5,.(t) = 0, Equation (6) gives order quantity as follows:

q= 92e—9t(e—91t1—ae‘9fd) (((td (%btd + a) 92 + (—btd - a)9 + b) e—9t + e—etd((a + bt)g —

b))e—f’fl). )

Now, we can obtain the present value of inventory costs, which consists of the following
elements:

1. OC. The present worth of the ordering cost
The ordering cost in each cycle time is done at the beginning of each cycle T. The present value
of ordering cost for the first cycle is &, which is a constant value.

oc = k. (8)

2. IC. The present worth of the inspection cost
The present worth of inspection cost occurs during the time interval [0, ¢, ], but we assume it is at
the middle of t; and is given by

IC = sq - e_(%)'”l. )

3. PC. The present worth of the purchasing cost
We assume this cost occurs at the beginning of t,.

PC = c1q. (10)

4. HC. The present worth of holding cost
The present worth of holding cost can be expressed as

HC = ho[ [, I, (t) - e™"dt + 77"t ft': Ly (O e tdt + e Tt fttlz I, (O - e~Ttdt]. (11)

5. The present value of interest payable.

We need to consider cases where the length of the credit period is longer or shorter than the
length of time in which the product exhibits no deterioration (t;) and the length of the inspection
time (t;). Thus, we calculate the present value of interest payable for the items kept in stock
under the following three cases.
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Inventory Level
A

\4

Time

Figure2: Case 1,0 <M < t,

Case 1: The delay time of payments occurs before deteriorating time or 0 < M < t; (see Figure
2).

In this case, payment for items is settled and the retailer starts paying the interest charged for all
unsold items in inventory with rate I,. Thus, the present value of interest payable during [0, t,],

is given as follows

IP, = 11, {e‘T'M [ () e Tt + et fttdl L, (0)-etdt + e Tt ftt: I3, (O - e‘”dt}. (12)

Inventory Level
A

\ 4

Time

A
T
Z
=

Figure3: Case 2,t; <M < t,

Case 2: The delay time of payments occurs after deteriorating time and before inspection time;
that is, t; < M < t; (see Figure 3).

The conditions of this case are similar to those for case 1. Thus, the present value of interest
payable during [0, t,], is given as follows

IP, = ¢l {e-r'M Sl by (®) e tdt + e fff L5, (©) - e-”dt}. (13)
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Figure4: Case3,t; <M < ¢,

Case 3: The delay time of payments occurs after inspection time and before the replenishment
time or t; < M < t, (see Figure 4).

In this case, the retailer starts paying the interest for the items in stock from time M to t, with
rate I,,. Hence, the present value of interest payable during [0, t,].is as given below

1Py = cily { e [2 1, (0) - e dt). (14)
6. The present value of interest earned.

There are different ways to tackle the interest earned. Here we use the approach used by Geetha
and Uthayakumar (2010).We assume that during the time when the account is not settled, the
retailer sells the goods and continues to accumulate sales revenue and earns interest with rate I,.
Therefore the interest earned during each [0, t,], is as given below for the three different cases.
Case 1: The delay time of payments occurs before deteriorating time or 0 < M < t.

IE, =pil, [," ¢+ D(6) - e tdt. (15)

Case 2: The delay time of payments occurs after deteriorating time and before production period
time; thatis t; < M < t;.

IE, = pyl, f,' t-D(t) - e "dt. (16)

Case 3: The delay time of payments occurs after production period time and before duration of
inventory cycleort; < M < t,.

IE, = pyl, [} t-D(t) - e "d. (17)

Therefore, the present value of the retailer's total cost over finite planning horizon, denoted by
TC(ty,t,, T,N), is given by
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No(OC+ZTHUC+PCH+HCH+ IPy— IEy) e Ti2) - e™™T 0 <M < t,.
TC(ty,t5, T,N) =4 T o(0C + TRUC + PC+ HC + IP, — IEy))-e "t2) - e ™ ¢, < M < t;.(18)
No(OC+TBUC+PCH+HCH+ 1Py — IE3)-e "02) - T ¢ <M <t,.

The value of the variables t,, T can be replaced by the equations T = H/N and t, = T /n and we

1—e~TME2 i
e "2 and YN e T =

—T'i'tz ~
= TG—e Tt

will use Maclaurin’s approximation for Y[ ,e
(l_e—r-N-T)
minimize TC(t;, N) subject to 0< t; < t,, where N is a discrete variable and t; is continuous
variable. Since « is a random variable with known pdf of f(«), the expressed value of TC, i.e.,
ETC, becomes:

. Thus, the objective of this article is to determine the values of t; and N, that

Min ETC(tl,N) st: 0< tl < tz. (19)

However, since ETC (t;, N) is a very complicated function due to high-power expressions in the
exponential function, it is difficult to show analytically the validity of the sufficient conditions.
Hence, if more than one local minimum value exists, we would attain lowest of the local
minimum values over the regions subject to 0 < t; < t,. The lowest value is referred to as the
global minimum value of ETC(t;, N). So far, the procedure is to locate the optimal values of t;
when N is fixed. Since N is a discrete variable, the following algorithm can be used to determine
the optimal values oft;, and N.

4. The optimal solution procedure

The objective function has two variables. The number of cycles (N) is a discrete variable and the
length of the inspection time (t;) is a continuous variable. We have used the following algorithm
to obtain the optimal amount of N and t;forcase 1,0 < M < t;.

Step1 LetN =1.

Step 2 Take the partial derivatives of ETC(t;, N) with respect to t;, and equate

the results to zero. Then calculate the ETC.

Step 3 Add one unit to N and repeat step 2 for new N. If there will be no decrease in the new
ETC, then show the previous one which has the minimum value.

The necessary condition for minimizing ETC (t;, N) for a given positive integer of N is:
IETC

= 0. (20)
aty
If the objective function was concave, the following sufficient conditions must be satisfied:
d2ETC

It is difficult to show the validity of the above sufficient conditions, analytically, due to
involvement of a high-power expression of the exponential function. However, it can be assessed
numerically in the following illustrative example.

5. Numerical examples

The preceding algorithm can be illustrated using the numerical example. The results can be
found by applying the Maple 16.

Example 1. The parameters of this example, are given as follows:

D(t)=a + bt=1+6t, 6 = 0.04, ¢; = $30/per unit/per unite time, h,, = $ 4/per unit/
per unite time, A = $300/per order, a ~u(0,0.04), u= 10 units/per unit time, s = $6/per
unit/per unite time, h,,, = $ 9/per unit/per unite time, r = 0.04, H = 10 unit time,

n = 4 delivery number/per order, p; = 80, I, = 0.06, [, = 0.03, M = 0.1, t; = 0.2,
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25, 0<a<0.04
fla) = {0, otherwisw
From Table 1, if all the conditions and constraints are satisfied, the optimal solution can be
derived. In this example, the minimum present value of total cost is found in the 3th cycle.
Therefore, the optimal solution is as follows:
t: = 0.3293,N* =3,t; = 0.84
By substituting the optimal values of N*and t; to Equation (21), it will be shown that PWTP is
strictly concave:

0°ETC _ 9 632754572
02ty

Table 1: Optimal solution of numerical the example.

N ETC q t t

2 1971.2099 6.26011 0.4777 1.25
3 1965.4894" 3.04046" 0.3293" 0.84"
4 1975.7171 1.862665 0.2536 0.625

*Optimal solution
Example 2 This example is based on the following data.
D(t)=a + bt =2+ 4t, 6 = 0.06, c; = $30/per unit/per unite time, h,, = $ 4/per unit/
per unite time, A = $200/per order, @ ~ u(0,0.04), u= 10 units/per unit time, s = $8/per
unit/per unite time, h,, = $ 9/per unit/per unite time ,y =0.04, H = 10 unit time, n
= 4 delivery number/per order, p; = 70, I, = 0.06/, = 0.03, M = 0.1, t; = 0.2
fla) = {25, 0<a<0.04

0, otherwisw
According to the computational results shown in Table 2, the optimal solution is as follows:
tr = 03271, N* =4, t; = 0.625

By substituting the optimal values of N*and t; to Equation (21), it will be shown that PWTP is
strictly concave:

PETC _ 7497892702
a2ty
Table 2: Optimal solution of numerical the example.
N ETC q ty t,
3 1820.1797 3.2126 0.3985 0.84
4" 1805.6314" 2.1187" 0.3271" 0.625"
5 1867.4719 1.5573 0.2838 0.5

*Optimal solution

6. Conclusion

In this context, we studied an EOQ model for non-instantaneous deteriorating items with
imperfect quality, permissible delay in payments and inflation. The demand is time-dependent.
Also, if we ignored inflation and time value of money the optimal present value of total cost is
overstated. In the competitive marketing environment, every supplier wants to sell more items to
earn more revenues, as a result, most of the suppliers offer a delay period to encourage the
retailer to buy more items. Before the end of the delay period, the retailer can sell his products,
accumulates revenue and earns interest. Thus, the delay in payment by the supplier is a kind of
price discount which encourages the retailers to increase their order quantity. In addition, it is
assumed that the manufacturer’s production processes are imperfect and may produce defective
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items. To the author’s best knowledge, such a type of model has not yet been discussed in the
existing literature.

An algorithm is presented for deriving the optimal replenishment policy that wants to minimize
the present value of total cost. Finally, numerical examples are provided to illustrate the
algorithm and the solution procedure. This paper can be extended in several ways. For instance:
price-dependent demand rate, variable deterioration rate, shortages with full or partial
backlogging, quantity discounts, inspection errors and multiple products.
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